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The hot-electron effect in the spin relaxation of electrically injected electrons in intrinsic Ger-
manium is investigated by the kinetic spin Bloch equations both analytically and numerically. It
is shown that in the weak-electric-field regime with E . 0.5 kV/cm, our calculations has reason-
able agreement with the recent transport experiment in the hot-electron spin-injection configuration
[Phys. Rev. Lett. 111, 257204 (2013)]. We reveal that the spin relaxation is significantly enhanced
at low temperature in the presence of weak electric field E . 50 V/cm, which originates from the
obvious center-of-mass drift effect due to the weak electron-phonon interaction, whereas the hot-
electron effect is demonstrated to be less important. This can explain the discrepancy between the
experimental observation and the previous theoretical calculation [Phys. Rev. B 86, 085202 (2012)],
which deviates from the experimental results by about two orders of magnitude at low tempera-
ture. It is further shown that in the strong-electric-field regime with 0.5 . E . 2 kV/cm, the spin
relaxation is enhanced due to the hot-electron effect, whereas the drift effect is demonstrated to
be marginal. Finally, we find that when 1.4 . E . 2 kV/cm which lies in the strong-electric-field
regime, a small fraction of electrons (. 5%) can be driven from the L to Γ valley, and the spin
relaxation rates are the same for the Γ and L valleys in the intrinsic sample without impurity. With
the negligible influence of the spin dynamics in the Γ valley to the whole system, the spin dynamics
in the L valley can be measured from the Γ valley by the standard direct optical transition method.
PACS numbers: 72.25.Rb, 71.10.-w, 72.20.Ht, 72.10.Di
I. INTRODUCTION
Recently, growing attention has been paid to the elec-
tron spin dynamics in Germanium (Ge) due to the series
of experiments including both the electrical1–8 and op-
tical measurements.9–14 These experimental progresses
pave the way to utilize the excellent property of Ge in
the spintronic application.3,5,12,15–22 In Ge, due to the
lack of the inversion asymmetry, the D’yakonov-Perel’
(DP) mechanism23 is absent. Moreover, the hyperfine
interaction with the nuclei can be suppressed by the
isotopic purification.24,25 Therefore, its spin relaxation
time (SRT) is expected to be very long.3,5,12,15–22 Fur-
thermore, in intrinsic Ge, the spin relaxation of elec-
trically/optically injected electrons due to the electron-
impurity scattering can be further suppressed.26 There-
fore, with the mature nanoelectronic fabrication tech-
nology of the Group IV semiconductors, intrinsic Ge is
promising for the design and development of spintronic
devices.
The electrical methods with the application of elec-
tric and/or magnetic fields include the three- or four-
terminal Hanle configuration1–7 and the ballistic spin-
injection configuration.8 In the three- or four-terminal
Hanle configuration, the typical SRTs measured are in
the order of nanoseconds at low temperature and tens
of picoseconds at high temperature.1–7 In the ballis-
tic spin-injection configuration, based on the magnetic-
field-induced spin relaxation channel arising from the
anisotropy of the g-factor of different L-valleys, Li et al.
have measured the SRT by means of the spin transport
under a magnetic field in the order of 100 Gauss.8 The
SRT was measured to be in the order of several hundreds
of nanoseconds at low temperature around 50 K.8 More-
over, sensitive electric field dependence at weak electric
fields (. 50 V/cm) was observed, which was speculated
to be the hot-electron effect.8 It is noted that the SRTs
measured in the ballistic spin-injection configuration are
one to two orders of magnitude larger than thoses from
the three- or four-terminal Hanle configuration, which
are typically carried out with metallic doping concen-
trations (above the metal-to-insulator transition). With
the electrodes attached to the surface of the sample in
the three- or four-terminal Hanle configuration, it was
speculated that the presence of interfaces and surface
roughness could have much influence on the intrinsic spin
relaxation.2–6,27–30 Besides, the presence of impurities in
the tunnel barrier may also provide a possible explana-
tion for the discrepancy.31–35
For the optical measurements, with the optical injec-
tion, several methods have been developed and applied in
Ge to determine the electron SRT.9–14 Guite et al. have
developed a novel method based on the sensitively tuned
radio-frequency coil to measure the temporal evolution
of the magnetization arising from the optical-injected
spin polarization in Ge directly under the magnetic field
(up to 80 Gauss).9 The temperature dependence of the
electron SRT was measured to decrease from ∼5 ns to
∼2 ns from 100 K to 180 K.9 Furthermore, in the work
2of Lohrentz et al.,14 by means of the resonant spin am-
plification method, the electron SRT exceeding 65 ns at
60 K was measured. Moreover, a peak for the SRT ap-
peared in the temperature dependence, which was specu-
lated to be the influence of the electron-impurity scatter-
ing. It is noted that the SRTs measured from the optical
measurements9,14 are in the same order as those from the
electric method in the spin-injection configuration.8
Meanwhile, the theoretical studies for the electron spin
dynamics in intrinsic Ge are in progress.19,21,22 With the
establishment of the electron-phonon interaction in the
L-valley by group-theory method, the SRT for the spin
relaxation due to the electron-phonon scattering in the
framework of the Elliott-Yafet (EY) mechanism36,37 has
been calculated in the non-degenerate limit.19,21 It has
been found that the main spin relaxation source in in-
trinsic Ge comes from the inter-L valley electron-phonon
interaction.19,21 However, up to now, there still exists
marked discrepancy between the experimental observa-
tion and the theoretical calculation, especially at low
temperature at which the theoretical calculations are two
to three orders of magnitude larger than the experimen-
tal observations.7–9,14 In the intrinsic sample, this was
speculated to be the hot-electron effect in the transport
experiment.8 Therefore, a full investigation on the hot-
electron effect in the spin relaxation is needed. Moreover,
although the hot-electron effect has been well studied in
the charge transport experiment in Ge,38,39 its influence
on the spin relaxation has not yet been revealed. In the
charge transport experiment, it has been revealed that
due to the weak electron-phonon interaction in Ge, the
hot-electron effect can be easily achieved especially at low
temperature.38,39 This feature indicates that the electric
field can influence the behavior of spin relaxation easily
due to the hot-electron effect.
In this work, we study the hot-electron effect in the
spin relaxation in intrinsic Ge by the kinetic spin Bloch
equations (KSBEs)40–43 both analytically and numer-
ically. When the electric field is weak, we compare
our calculations with the recent transport experiment in
the spin-injection configuration with weak electric field.8
Good agreements with the experimental data are ob-
tained. It is found that due to the weak electron-phonon
interaction,38,39 at low temperature, even small electric
fields (. 50 V/cm)8 can cause obvious center-of-mass
drift effect and hence significantly enhance the spin re-
laxation, whereas the hot-electron effect is demonstrated
to be less important. When the electric field is rela-
tively strong (0.5 . E . 2 kV/cm), we find that the
SRT decreases with the increase of the electric field be-
cause of the increase of the hot-electron temperature and
hence the enhancement of the electron-phonon scatter-
ing, whereas the drift effect is shown to be marginal. Fi-
nally, with the intra-Γ and intra-L-Γ electron-phonon in-
teractions established by Liu et al.,44 the influence of the
Γ valley to the spin relaxation in the presence of the elec-
tric field is revealed. We find that within the strength of
the electric fields we study, only a small fraction (. 5%)
of the electron can be driven from the L valley to the Γ
valley. Therefore, the influence of the electron spin dy-
namics in the Γ valley to the whole system is marginal.
We further reveal that in the intrinsic sample without
impurity, the spin relaxation rates are the same for the
Γ and L valleys, and hence the spin dynamics in the L
valley can be measured from the Γ valley by the direct
optical transition method.
This paper is organized as follows. In Sec. II, we set
up the model and the KSBEs. In Sec. III, we present the
main results obtained from the KSBEs both analytically
and numerically. The calculated results under the weak
electric field are compared with the experimental data
(Sec. III A). Then, under the relatively strong electric
field, the influences of the hot-electron effect on the spin
relaxation are presented (Sec. III B). We summarize in
Sec. IV.
II. MODEL AND KSBEs
We start our investigation of the electron spin relax-
ation in intrinsic Ge, where the four lowest valleys in the
conduction band are located at the L points [ pia0 (1, 1, 1),
pi
a0
(−1, 1, 1), pia0 (1,−1, 1) and pia0 (1, 1,−1) with a0 denot-
ing the lattice constant]. The Γ valley lies energeti-
cally above the L valley with ∆EΓL = 0.151 eV,
44,45
and the X valley lies further above the Γ valley with
∆EXΓ = 0.04 eV.
13 In the spherically symmetric approx-
imation, the electron effective masses of the L and Γ val-
leys arem∗L = 0.22m0 (ml = 1.588m0, mt = 0.0815m0)
21
andm∗Γ = 0.038m0 (ml = mt = 0.038m0),
45 respectively,
with m0 representing the free electron mass. In our in-
vestigation with the electric field E . 2 kV/cm, we do
not consider the X valley as the fraction of the electron
in these valleys are negligible.
The KSBEs derived via the nonequilibrium Green
function method with the generalized Kadanoff-Baym
Ansatz read40–43,46
∂tρλkλ = ∂tρλkλ |drift + ∂tρλkλ |scat, (1)
in which ρλkλ is the density matrix of electrons with mo-
mentum kλ in the λ valley. Here, kλ is defined in refer-
ence to the valley center in the valley coordinate, whose
zˆ-axis is along the valley axis.21,44 The diagonal term
ρλkλ,σσ ≡ fλkλ,σ (σ = ±1/2) describes the distribution
of electrons in each spin band, and the off-diagonal term
ρλkλ, 12−
1
2
= ρ∗
λkλ,−
1
2
1
2
represents the coherence between
the two spin bands.
In the KSBEs, the drift term is given by
∂tρλkλ |drift = −eE · ∇λkλρλkλ , (2)
with e < 0. ∂tρλkλ |scat stands for the scattering
term, which includes the electron-phonon (ep), electron-
impurity (ei) and electron-electron (ee) Coulomb scatter-
ings:
∂tρλkλ |scat = ∂tρλkλ |ep + ∂tρλkλ |ei + ∂tρλkλ |ee . (3)
3Explicit forms of these scattering terms are shown in Ap-
pendix A.
The initial conditions at time t = 0 are prepared as
follows. We turn on the electric field at t = −t0, where
the system is in the equilibrium, and the density matrix
are expressed as
fλkλ,σ(−t0) =
{
exp[(ελkλ − µ)/(kBT )] + 1
}−1
, (4)
ρλkλ, 12−
1
2
(−t0) = ρ∗λkλ,− 12 12 (−t0) = 0, (5)
with µ being the chemical potential for the electron at
temperature T . The system is driven to the steady
state before t = 0. Then at time t = 0, the chemical
potential is modified to obtain the spin-polarized state
with the spin polarization P0 = (N↑ − N↓)/(N↑ + N↓).
Here, N↑(↓) =
∑
λ,kλ
fλkλ,↑(↓) is the electron density of
spin-up (-down) state. When t ≥ 0, the system relaxes
from the spin-polarized state with the spin polarization
P (t) =
∑
λkλ
Tr[ρλkλ(t)σz ]/ne solved by the KSBEs.
Here, ne =
∑
λ,kλ
Tr[ρλkλ(t)] is the electron density.
III. RESULTS
A. Analytical results
Before performing the full numerical calculation by
solving the KSBEs, we first investigate the spin relax-
ation analytically with the drift effect and hot-electron ef-
fect explicitly included. It has been demonstrated that at
relatively high temperature, the dominant spin relaxation
channel in Ge arises from the inter-L valley electron-
phonon interaction, in which the momentum dependen-
cies of the matrix elements for the electron-phonon inter-
action and the phonon energy are negligible.21
For the electron-phonon interaction, the matrix ele-
ments can be generally constructed in this form,19,21,44
Mγ
kλ,k′λ′
= Aγ
kλ,k′λ′
Iˆ +Bγ
kλ,k′λ′
·σ, (6)
including both the spin-conserving and spin-flip parts for
the interaction of electrons with the γ-branch phonon,
where Iˆ and σ are 2×2 unit and Pauli matrices. The SRT
due to the inter-L valley electron-phonon interaction can
be directly deduced from the scattering term [Eq. (A1)]
in the KSBEs (~ ≡ 1 throughout this paper)19,21
1
τeps
=
2pi
V d
∑
kλ
∑
k′
λ′
,λ6=λ′
∑
γ,±
δ(±Ωγ
k′
λ′
−kλ
+ εk′
λ′
− εkλ)
× 1
Ωγ
k′
λ′
−kλ
Nγ,±
k′
λ′
−kλ
(|Bγ,x
kλ,k′λ′
|2 + |Bγ,y
kλ,k′λ′
|2)
× (fdkλ↑ − fdkλ↓)
[∑
kλ
(fdkλ↑ − fdkλ↓)
]−1
, (7)
in which, V and d are the volume and density of the crys-
tal, respectively; γ labels the associated phonon branches
in the X point connecting the two L valleys, includ-
ing X1a, X1b, X4a and X4b phonons;
19,21,44 Nγ,±
k′
λ′
−kλ
=
Nγ
k′
λ′
−kλ
+ 12 ± 12 and Nγk′
λ′
−kλ
=
{
exp[Ωγ
k′
λ′
−kλ
/(kBT )]−
1
}−1
is the Bose distribution of phonons with energy
Ωγ
k′
λ′
−kλ
; fdkλσ is the drifted Fermi distribution function
of the electron in the steady state, which reads as47–49
fdkλσ =
{
exp
[(kλ −m∗λvλ)2
2m∗λ
−µσ
]
/(kBTe)+1
}−1
, (8)
with vλ being the steady-state drift velocity of λ val-
ley and Te standing for the hot-electron temperature.
One notices that the drifted Fermi distribution func-
tion [Eq. (8)] is widely used in the treatment of non-
linear transport in semiconductors.47–49 In Eq. (8), vλ
is numerically obtained from the steady-state value of
vλ(t) ≡
∑
kλσ
[fkλ,σ(t)ℏkλ/mλ]/
∑
kλσ
fkλ,σ(t), and Te
is obtained by fitting the Boltzmann tail of the numeri-
cally calculated steady-state electron distribution of each
valley from the KSBEs.
When the electric field is weak with the condition
1
2m
∗
Lv
2
λ ≪ kBTe or 12m∗Lv2λβe ≪ 1 [βe = 1/(kBTe)] sat-
isfied, we expand the steady-state distribution function
to the order of v2λ. Accordingly, in the small spin po-
larization and non-degenerate limit, the SRT due to the
inter-L valley electron-phonon interaction [Eq. (7)] can
be obtained
1
τeps
=
∑
γ
1
τγs (vλ = 0)
[
1 + F (βeΩγ)βem
∗
Lv
2
λ
]
, (9)
with
1
τγs (vλ = 0)
=
√
βe
8d
(2m∗L
pi
)3/2
K1
(βeΩγ
2
)(|Bγ,x|2 + |Bγ,y|2) Aγ
sinh(βΩγ/2)
cosh
(β − βe
2
Ωγ
)
(10)
and
F (x) =
√
pi
2x
U(−0.5,−2, x)
K1(x/2)
exp(−x/2)− 1
2
. (11)
In Eqs. (9) and (10), for the inter-L valley scattering
4with |KLi −KLj | ≫ |kλ| (i 6= j), the momentum depen-
dencies of the matrix elements for the electron-phonon
interaction and the phonon energy are negligible,21 and
hence their labels of momentum are omitted. β =
1/(kBT ) with T being the lattice temperature. Aγ = 16
(Aγ = 8) for X1a and X1b (X4a and X4b) phonons.
21
K1(x/2) and U(−0.5,−2, x) are the modified Bessel func-
tion of the second kind and Tricomi’s confluent hyperge-
ometric function, respectively.
It is noted that our results in Eqs. (9) and (10) are
3/8 times of that in the work of Li et al. [Eq. (10) in
Ref. 21] when β = βe and vλ = 0. However, by means
of the same equation [Eq. (7)] here, the SRT due to
the f -process of the electron-phonon scattering in Sili-
con [Eq. (18) in Ref. 18] can be recovered. Moreover, our
analytical results are further confirmed by the numeri-
cal ones as shown in the next section (refer to Fig. 1).
Therefore, the results in the work of Li et al. [Eq. (10)
in Ref. 21] underestimate the spin relaxation rate in in-
trinsic Ge, and should be corrected.
From the analytical results, it is seen that the spin
relaxation rates are independent on the electron density
in the non-degenerate regime. Moreover, the effect of
the drift and hot-electron effects in the spin relaxation
under the weak electric field can be obtained. First of
all, it can be shown that the drift effect can enhance
the spin relaxation with the factor F (x) [Eq. (11)] al-
ways larger than zero. However, under the weak electric
field, with F (x) decreasing from 1/6 monotonically to 0
when x increases from 0, it shows that the influence of
the drift effect due to the electric field to the spin re-
laxation is marginal when F (x)βem
∗
Lv
2
λ ≪ 1. In this
situation, the electron SRT in the presence of the electric
field can be approximately obtained from Eq. (10), and
hence the hot-electron effect has dominant influence on
the spin relaxation. When the hot-electron temperature
increases,
√
βe decreases slowly, K1
(
βeΩγ/2
)
increases
rapidly and cosh
[
(β−βe)Ωγ/2
]
increases slowly. Hence,
the SRT decreases with the increase of the hot-electron
temperature. It can also be obtained that when the
lattice temperature increases, [sinh(βΩγ/2)]
−1 increases
and cosh
[
(β − βe)Ωγ/2
]
(when βe . β) and
√
βe de-
crease slowly. Hence, the SRTs decreases with the in-
crease of the lattice temperature.21
B. Numerical results
In this section, we present our results obtained by nu-
merically solving the KSBEs following the scheme laid
out in Refs. 50–52. All parameters including the mate-
rial parameters, band structure and phonon parameters
used in our computation are listed in Table I. During the
calculation, the impurity density ni is set to be zero in
the intrinsic sample. Furthermore, in the intrinsic sam-
ple, the electron can be injected by means of the electrical
and optical methods,8–14,19,21,22 whose density ne varies
from 1013 to 1017 cm−3.
TABLE I: Parameters used in the computation.
m∗L/m0 0.22
a ΩL1(meV) 29.3
c
m∗Γ/m0 0.038
b ΩL3(meV) 7.2
c
∆EΓL(eV) 0.151
b,c ΩL2′(meV) 25.6
c
∆EXΓ (eV) 0.04
d ΩL3′(meV) 35.8
c
d(103kg/cm3) 5.323e DX1s(eV/nm) 0.18
c
κ0 16.0
f DX4s(eV/nm) 0.66
c
vLA(m/s) 4900
e Dx1m(eV/nm) 6.56
c
vTA(m/s) 3500
e AL2′(eV/nm) 18.21
c
ΩLO,Γ(meV) 38.2
c BL3′y(eV/nm) −0.35 i
c
ΩX1(meV) 28.4
c P0 30%
d
ΩX4(meV) 33.3
c t0 (ps) 30
ΩX3(meV) 10.2
c
aRef. 21.
bRef. 45.
cRef. 44.
dRef. 13.
eRef. 19.
fRef. 53.
Before the full numerical investigation, we first present
the electric field dependence of the hot-electron temper-
ature and steady-state drift velocity when the electron
density ne = 5× 1017 cm−3. We find that the spin relax-
ation in intrinsic Ge in the presence of the electric field
can be divided into three regimes according to the hot-
electron temperature: (1) when E . 1.4 kV/cm, only
the L valley is relevant for the spin relaxation; (2) when
1.4 . E . 2 kV/cm, the Γ valley becomes relevant;
(3) when E & 2 kV/cm, the X valley becomes relevant.
The boundaries between different regimes are shown in
Fig. 1, where the electric field dependence of the hot-
electron temperature for electrons in the L valley with
ne = 5 × 1017 cm−3 at different temperatures (T =60,
150 and 300 K) is presented (the steady-state drift ve-
locity is also shown). It can be seen that both the hot-
electron temperature and the steady-state drift velocity
increase with increasing the electric field. For electrons
with the Boltzmann distribution and marginal drift ef-
fect (12m
∗
Lv
2
λβe ≪ 1), its average energy is estimated to
be E¯ = 32kBTe. Accordingly, the hot-electron tempera-
tures at which electrons can be driven to the Γ and X val-
leys efficiently are estimated to be ∆EΓL/(
3
2kB) ≈ 1200 K
and (∆EΓL + ∆E
X
Γ )/(
3
2kB) ≈ 1500 K, corresponding to
E ≈ 1.4 kV/cm (shown as the black vertical dashed line)
and 2 kV/cm (shown as the pink vertical dashed line)
in Fig. 1, respectively. We emphasize that this divi-
sion of the system is irrelevant to the electron density
in the non-degenerate regime. We further perform the
calculation with ne = 10
13 cm−3 with the Fermi tem-
perature TF ≈ 1 K, which are not shown in Fig. 1 for
5their coincidences with the ones with ne = 5×1017 cm−3
(TF ≈ 45 K). In this work, we study the spin relaxation
in the presence of the electric field E up to 2 kV/cm
under which the L and Γ valleys are relevant.
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FIG. 1: (Color online) Electric field dependence of the hot-
electron temperature and steady-state drift velocity (note the
scale of both curves is on the right hand side of the frame) for
electrons in the L valley at different temperatures (60, 150
and 300 K) with the electron density ne = 5 × 10
17 cm−3.
The pink (black) vertical dashed line at E ≈ 1.4 kV/cm (E ≈
2 kV/cm) corresponds to the boundary at which the Γ (X)
valley becomes relevant for the spin relaxation.
In Fig. 1, some features should be further addressed. It
is shown that when E . 0.5 kV/cm, with the increase of
the electric field, the hot-electron temperature increases
slowly, whereas the drift velocity increases rapidly (even
when E . 0.1 kV/cm); when 0.5 . E . 3 kV/cm, the
hot-electron temperature increases, whereas the drift ve-
locity becomes saturate. Specifically, when the electric
field is extremely weak E . 0.1 kV/cm, the hot-electron
temperature equals to the lattice one approximately at
different temperatures (60, 150 and 300 K). These fea-
tures are consistent with the experimental observations
about the drift velocity.38,39 Accodingly, the electric field
can be divided into weak- (E . 0.5 kV/cm) and strong-
electric-field (0.5 . E . 2 kV/cm) regimes.
1. Spin relaxation under weak electric field: comparison
with experiments
As mentioned in the introduction, the experiments
on the electron spin relaxation in intrinsic Ge have
been carried out recently by several methods includ-
ing both the electrical1–8 and optical ones.9–14 Up to
now, there still exists marked discrepancy between the
experimental observations and the theoretical calcula-
tions in the intrinsic sample, especially at low temper-
ature around 30 K.8–14,19,21,22 This motivates us to carry
out the full calculations including the electron-phonon
and electron-electron Coulomb scatterings in the pres-
ence of the electric field. In the works of Lohrentz et
al.
14 and Li et al.,8 the electron density is in the order
of ne = 10
13 cm−3.54 Accordingly, when comparing with
the experiments,8,14 we choose the typical electron den-
sity to be ne = 10
13 cm−3 here, which lies in the non-
degenerate regime. From Eq. (9), we emphasize that
the chosen electron density does not influence the spin
relaxation rates in the non-degenerate regime.21,40 Our
calculation further shows that even the electron density
is taken to be ne = 5 × 1017 cm−3 realized in the op-
tical experiment,12 which lies in the crossover region of
the non-degenerate and degenerate regimes at low tem-
perature with TF ≈ 45 K, the spin relaxation rates are
marginally influenced. The results in the presence of the
weak electric field (E . 50 V/cm) are summarized in
Figs. 2(a) and (b).
In Fig. 2(a), when electric field E = 0 and the impu-
rity density ni = 0, it can be seen that the SRTs with
(the red solid curve with squares) and without (the blue
dashed curve with circles) the electron-electron scatter-
ing coincide with each other. Therefore, the influence of
the electron-electron scattering to the spin relaxation in
the L valley is marginal. Moreover, the numerical results
with all the scatterings (shown by the red solid curve with
squares) are consistent with the analytical results calcu-
lated from Eq. (10) by setting Te equal to the lattice tem-
perature TL (the orange dashed curve with crosses), in
which only the inter-L valley scattering is included. This
shows that the inter-L valley scattering is dominant for
the spin relaxation.8 The result calculated according to
Eq. (10) using the parameters in the work of Liu et al.44
in Ref. 21 by Li et al. is also plotted by the cyan dot-
ted curve, showing marked discrepancy compared with
the full numerical result. Furthermore, it can be seen
that the SRT decreases monotonically with the increase
of the temperature. This is because with the increase
of the temperature, the electron-phonon scattering is en-
hanced, which enhances the spin relaxation due to the
EY mechanism.36,37
In Fig. 2(a), when the electric field is zero, we com-
pare the temperature dependence of the electron SRTs
obtained from our model with the optical experiments
by Lohrentz et al. (red open squares).14 One notices
that these optical observations deviate orders of magni-
tude from the calculations at E=0. However, in Fig. 2(a),
we show that when using an effective hot-electron tem-
perature Te = (TL + 60) K, the analytical results (green
dashed curve with squares) are comparable with the ex-
perimental ones especially at T & 50 K. Accordingly, this
provides a possible explanation for the enhancement of
the spin relaxation in the optical experiment.14 In the
optical experiments, the electrons are first optically in-
jected to the Γ valley, which are then scattered to the L
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FIG. 2: (Color online) Electron SRTs in intrinsic Ge as
function of temperature. (a), experimental results: red
open squares correspond to the experiment of Lohrentz et
al. (Ref. 14). Numerical results: the red solid curve with
squares (blue dashed curve with circles) corresponds to the
numerical result with all the scatterings (without the electron-
electron scattering). Analytical result: the orange dashed
curve with crosses represents the analytical results calculated
from Eq. (10) by setting Te = T . The results calculated ac-
cording to Eq. (10) in Ref. 21 by Li et al. are plotted by the
cyan dotted curve using parameters in work of Liu et al. (sim-
ply 8/3 times of the orange dashed curve with crosses).44 (b),
the experimental results of Li et al. (Ref. 8) are shown as red
open upward triangles for E ≈ 10 V/cm, pink open down-
ward triangles for E ≈ 30 V/cm, and blue open circles for
E ≈ 50 V/cm, respectively. Numerical results: when ni = 0,
the green, brown and black dot-dashed curves represent the
SRTs calculated numerically with E ≈10, 30 and 50 V/cm,
respectively.
and X valleys through the inter-valley electron-phonon
scattering.9–14 Accordingly, with the weak intra-valley
electron-phonon scattering,38,39,44 the cooling process is
suppressed, and hence the hot-electron effect can arise
easily.13 Therefore, the enhancement of the spin relax-
ation in the optical experiments may arise from the hot-
electron effect, which has been discussed in GaAs.50,55,56
When a weak electric field (. 50 V/cm) is applied, in
Fig. 2(b), we further compare our calculations with Li et
al. (red open upward triangles for E ≈ 10 V/cm, pink
open downward triangles for 30 V/cm, and blue open cir-
cles for 50 V/cm).8 In the experiment of Li et al.,8 the
samples are nominally undoped. Therefore, we perform
the calculation with the impurity density ni = 0. It is
shown that the numerical results (the green, brown and
black dot-dashed curves represent the SRTs calculated
numerically with E ≈10, 30 and 50 V/cm, respectively)
are comparable with the experimental values, with the
theoretical results being 1/3 to 1/2 of the experimen-
tal ones. Moreover, we further find that with the weak
electric field (E . 50 V/cm), the electron temperature
equals to the lattice one approximately, i.e., Te ≈ T ,
whereas 12βem
∗
Lv
2
L ≈ 2.4 at 30 K and 12βem∗Lv2L & 1 be-
tween 40 and 60 K when E ≈ 50 V/cm. This shows that
the hot-electron effect for the system in the presence of
the weak electric field at low temperature is marginal,
whereas the drift effect is obvious. Therefore, this signif-
icant enhancement of the spin relaxation in the presence
of the weak electric field at low temperature arises from
the drift effect rather than the hot-electron effect.
The enhancement of the spin relaxation due to the drift
effect can be understood as follows. It has been addressed
that the phonon-induced intervalley scattering between
the L-valleys is the dominant spin-flip mechanism.8 At
low temperature, only phonon emission is feasible (in-
volved phonon energy is about 30 meV),21,44 which needs
the electron in the initial state to be 30 meV or more
above the conduction-band edge. The drift effect can
shift the electron distribution and hence increase the pop-
ulation of electrons with energies more than 30 meV,
needed to ignite the intervalley process. Accordingly, due
to the drift effect, the inter-L valley spin-flip scattering
is enhanced and hence the spin relaxation.
2. Hot-electron effect on the spin relaxation under
relatively strong electric field
In the presence of the relatively strong electric field
(0.5 . E . 3 kV/cm), we first study the electric field
dependence of the electron spin relaxation in Ge at dif-
ferent temperatures T =150 and 400 K both numerically
and analytically. In this subsection, in order to study
the influence of the Γ valley on the spin relaxation, the
electron density is set to be 5× 1017 cm−3,13 with more
electrons driven to the Γ valley compared to the case with
low electron density. In Fig. 3, the SRTs for the electrons
in the L valley with (the red solid curves) and without
the Γ valley (the dashed blue curves) are plotted against
the electric field, which is extended to 3 kV/cm, in the
impurity-free situation.
In Fig. 3, it can be seen that for both temperatures
T = 150 and 400 K, the SRTs in the L valley (the red
solid curves) decrease monotonically with the increase of
the electric field. It is noted that in Fig. 1, we have pre-
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FIG. 3: (Color online) Electric field dependence of the elec-
tron SRTs in the L and Γ valleys in the impurity-free situa-
tion at 150 and 400 K, respectively. The analytical results,
obtained from Eqs. (9), (10) and (11) with the hot-electron
temperature and the steady-state drift velocity numerically
calculated by the KSBEs, are shown by the green solid curve.
sented the electric field dependencies of the hot-electron
temperature and the steady-state drift velocity, which
increase with increasing electric field. From the analyt-
ical results in Sec. III A, both the drift and hot-electron
effects can enhance the spin relaxation. Their contribu-
tion to the spin relaxation can be distinguished by using
Eqs. (9), (10) and (11). With the numerical values of
the hot-electron temperature and the steady-state drift
velocity (Fig. 1), the analytical results with (the green
solid curves) and without (by setting vλ = 0) the drift
effect are calculated. We find that the two curves coin-
cide with each other at both 150 and 400 K, which are
both consistent with the numerical ones. Therefore, the
influence of the drift effect to the spin relaxation at high
temperature (T & 150 K) is marginal. One concludes
that the enhancement of the spin relaxation mainly orig-
inates from the hot-electron effect, where the increase
of the hot-electron temperature enhances the electron-
phonon interaction.
It has also been shown in Fig. 1 that at relatively
large electric field, the Γ (E & 1.4 kV/cm) and X valleys
(E & 2 kV/cm) become relevant. Therefore, in our study,
we include the Γ valley explicitly, and reveal its influence
to the spin relaxation. It is shown in Fig. 3 that at both
150 and 400 K, the SRTs in the L valley with (the red
solid curves) and without (the blue dashed curves) the Γ
valley are almost the same, especially at low electric field.
This is because in the range of the electric field, the frac-
tions of the electrons driven from the L to Γ valley are
small (. 5%), and hence the Γ valley plays a marginal
role in the spin relaxation of the whole system. Moreover,
the numerical results show that the SRTs in the L and Γ
(not shown in Fig. 3) valleys are almost the same. This
arises from the strong inter-L-Γ valley electron-phonon
interaction and hence the frequent exchange of electrons
between the L and Γ valleys.51,52 Accordingly, the spin
dynamics in the L valley in the presence of the electric
field in the impurity-free situation can be measured from
the Γ valley by the standard optical method.57–61 It is
noted that notwithstanding the fact that the calculated
electric field is extended up to 3 kV/cm where the X val-
ley becomes relevant, luckily the population of the elec-
trons in that valley is still negligible. Therefore, the X
valley has marginal influence on the spin relaxation in the
L valley we calculate above. One expects that with the
electric field further increasing, the spin relaxation may
be significantly enhanced at the X valleys once the elec-
trons populate the spin hot spots (where the spin mixing
is large).62,63
IV. SUMMARY
In summary, we have investigated the hot-electron ef-
fect in the spin relaxation of electrically injected elec-
trons in intrinsic Ge by the KSBEs both analytically and
numerically.40 We first compare our calculations with the
recent transport experiment by Li et al.8 in the spin-
injection configuration when the electric field is weak (.
50 V/cm). Our calculations agree with the experimen-
tal data fairly well, and hence can explain the marked
discrepancy between the experiment of Li et al.8 and
the previous theoretical calculations.7–9,14 It is revealed
that at low temperature, even small electric fields (. 50
V/cm)8 can cause obvious center-of-mass drift effect due
to the weak electron-phonon interaction in Ge.38,39 This
can significantly enhance the spin relaxation, whereas the
hot-electron effect is demonstrated to be less important.
We then study the spin relaxation when the electric
field is relatively strong (0.5 . E . 2 kV/cm), under
which the Γ valley becomes relevant. The electric field
dependence of the spin relaxation is studied. We find
that the SRT decreases with the increase of the electric
field. This is because with the increase of the electric
field, the hot-electron temperature increases, and hence
the electron-phonon scattering is enhanced. Therefore,
in the presence of the relatively strong electric field, the
hot-electron effect has marked influence on the spin re-
laxation, whereas the drift effect is shown to be marginal.
Finally, we further study the influence of the Γ valley
on the spin relaxation in the presence of the electric field.
We find that within the strength of the electric fields we
study (E . 2 kV/cm), only a small fraction (. 5%)
of the electron can be driven from the L valley to the
Γ valley. Therefore, the influence of the electron spin
dynamics in the Γ valley to the whole system is marginal.
Nevertheless, we find that in the impurity-free situation,
the spin relaxation rates are the same for the Γ and L
valleys, and hence the spin dynamics in the L valley can
8be measured from the Γ valley by the standard optical
methods.
Acknowledgments
This work was supported by the National Natural Sci-
ence Foundation of China under Grant No. 11334014
and 61411136001, the National Basic Research Program
of China under Grant No. 2012CB922002 and the Strate-
gic Priority Research Program of the Chinese Academy
of Sciences under Grant No. XDB01000000. One of the
authors (TY) would like to thank M. Q. Weng for sug-
gestion on analytical derivation.
Appendix A: Scattering terms of the KSBEs
The scattering terms for the electron-phonon, electron-
impurity and electron-electron scatterings are shown as,
∂tρλkλ |ep = −pi
∑
λ′,k′
λ′
,±
∑
γ
δ(±Ωγ
k′
λ′
−kλ
+ ελ
′
k′
λ′
− ελkλ)
×
(
Nγ,±
k′
λ′
−kλ
Mγ
kλ,k′λ′
ρ>λ′k′
λ′
Mγ
k′
λ′
,kλ
ρ<λkλ −N
γ,∓
k′
λ′
−kλ
×Mγ
kλ,k′λ′
ρ<λ′k′
λ′
Mγ
k′
λ′
,kλ
ρ>λkλ
)
+H.c.; (A1)
∂tρλkλ |ei =
− piniZ2i
∑
k′
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V 2kλ−k′λ
(Λˆλkλ,λk′λρ
>
λk′
λ
Λˆλk′
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,λkλρ
<
λkλ
− Λˆλkλ,λk′λρ<λk′λΛˆλk′λ,λkλρ
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λkλ
)δ(ελk′
λ
− ελkλ) + H.c.;
(A2)
∂tρλkλ |ee = −pi
∑
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V 2kλ−k′λ
δ(ελk′
λ
− ελkλ + ελ
′
k′′
λ′
− ελ′k′′
λ′
−kλ+k′λ
)
×
{
Λˆλkλ,λk′λρ
>
λk′
λ
Λˆλk′
λ
,λkλρ
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λkλ
Tr
[
Λˆλ′k′′
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ρ<λ′(k′′
λ′
−kλ+k′λ)
Λˆλ′(k′′
λ′
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− Λˆλkλ,λk′λρ<λk′λΛˆλk′λ,λkλρ
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λkλ
Tr
[
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,λ′(k′′
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−kλ+k′λ)
Λˆλ′(k′′
λ′
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]}
+H.c.. (A3)
Here, ρ<k = ρk and ρ
>
k = 1 − ρk. εLikLi = k
2
Li
/(2m∗L)
and εΓkΓ = k
2
Γ/(2m
∗
Γ) + ∆E
Γ
L. In Eq. (A1), for the
intra-Γ valley electron-phonon scattering (λ=λ′=Γ), the
phonon branches include TA1, TA2, LA, TO1, TO2,
and LO phonons, where the electron-phonon scattering
with the k0-order is forbidden [for the spin-conserving
(spin-flip) scattering, the matrix elements are propor-
tional to k (k3)].44 For the intra-L valley scattering
(λ=λ′=L), the phonon branches include TO1, TO2, and
LO phonons, and especially for the spin-flip scattering,
the matrix elements are proportional to k3, which are
neglected in our study when the inter-L valley scattering
is dominant for spin relaxation.21,44 For the inter-Γ-L
valley scattering, the phonon branches include L1, L3,
L2′ , and L3′ phonons, where the electron-phonon inter-
actions with k0-order exist for both the spin-conserving
and spin-flip scatterings.44 For the inter-L valley electron-
phonon scattering, the phonon branches include X1 and
X4 phonons, where the electron-phonon interactions with
k0-order also exist for both the spin-conserving and spin-
flip scatterings,21,44 and especially we add the electron-
phonon scattering with the k-order.44
In Eqs. (A2) and (A3), ni is the impurity density and
Zi = 1 is the charge number of the impurity; Vq is
the screened Coulomb potential under the random phase
approximation.40,50–52 The spin mixing Λˆλkλ,λ′k′λ′ = Iˆ −
1
2
[
S
(1)
λkλ
S
(1)†
λkλ
− 2S(1)λkλS
(1)†
λ′k′
λ′
+ S
(1)
λ′k′
λ′
S
(1)†
λ′k′
λ′
]
. The matrix
S
(1)
λ′k′
λ′
for the Γ and L valleys can be found in the 14×14
k · p Hamiltonian45 and 16 × 16 one,44 whose explicit
forms are shown as follows. For the Γ valley,
9S
(1)
ΓkΓ
=


1√
2
P+
Eg
−
√
2
3
P z
Eg
− 1√
6
P−
Eg
0 − 1√
3
P z
Eg +∆
− 1√
3
P−
Eg +∆
0 1√
6
P+
Eg
−
√
2
3
P z
Eg
− 1√
2
P−
Eg
− 1√
3
P+
Eg +∆
1√
3
P z
Eg +∆

 , (A4)
where P z = Pkz, P
± = Pk± = P (kx ± ky) with EP =
(2/m0)P
2 = 26.3 eV, Eg = 0.898 eV and ∆ = 0.297
eV.45 For the L valley,
S
(1)
LkL
=
(
SleftLkL , S
right
LkL
)
, (A5)
where
SleftLkL =


α4k−
Ec1 − Ec6 −
P4kz
Ec1 − Ec6
√
2(P3 − α3)k−
Ec1 − Ec5
2
√
2α3kz
Ec1 − Ec5 −
(P3 + α3)k+
Ec1 − Ec4
(P3 + α3)k+
Ec1 − Ec4
− P4kzEc1 − Ec6 −
α4k+
Ec1 − Ec6
2
√
2α3kz
Ec1 − Ec5
√
2(α3 − P3)k+
Ec1 − Ec5 −
(P3 + α3)k−
Ec1 − Ec4 −
(P3 + α3)k−
Ec1 − Ec4

 , (A6)
and
SrightLkL =


− ∆2Ec1 − Ec2 0 −
(P1 + α1)k+
Ec1 − Ev1
(P1 + α1)k+
Ec1 − Ev1 −
2
√
2α1kz
Ec1 − Ev2
√
2(2α1 − P1)k−
Ec1 − Ev2
0 − ∆2Ec1 − Ec2
(P1 + α1)k−
Ec1 − Ev1
(P1 + α1)k−
Ec1 − Ev1
√
2(P1 − 2α1)k+
Ec1 − Ev2 −
2
√
2α1kz
Ec1 − Ev2

 . (A7)
All the parameters in Eqs. (A6) and (A7) are listed in
Table I of Ref. 44.
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